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Which Reduction Procedures for Classical Reductio are Acceptable?
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Gentzen, Gerhard(1935), “Untersuchungen Uber das logische SchlieRen. |. Math Z39, 176-210.
— Translated as “Investigations into Logical Deduction®, in (Gentzen & Szabo 1969).

Gentzen, Gerhard (1936), "Die Widerspruchsfreiheit der reinen Zahlentheorie”, Mathematische Annalen, 112: 493-565.
— Translated as "The consistency of arithmetic”, in (Gentzen & Szabo 1969).

Gentzen, Gerhard (1938), "Neue Fassung des Widerspruchsfreiheitsbeweises fiir die reine Zahlentheorie®, Forschungen
zur Logik und zur Grundlegung der Exakten Wissenschaften, 4: 19-44.

— Translated as "New version of the consistency proof for elementary number theory”, in (Gentzen & Szabo 1969).

Gentzen, Gerhard (1969), Szabo, M. E. (ed.), Collected Papers of Gerhard Gentzen, Studies in logic and the foundations of
mathematics (Hardcover ed.), Amsterdam: North—Holland, ISBN 978-0-7204-2254-2.
- an English translation of papers.
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https://en.wikipedia.org/wiki/Gentzen%27s_consistency_proof#CITEREFGentzenSzabo1969
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Von Plato & Kanckos (2021),”Normal derivability in classical natural deduction.”
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Theorem 4 (Weak Normalization for Spc, Andou [1] and Stalmarck [16]) For every
closed derivation © in Spcr, there is a closed normal derivation ®' in Spe such that

D = D relative to Rpc:.

Corollary 8 (Consistency of Sp¢) There is no closed normal derivation of L in

LgF Cj‘ 5

(1) 22d2] 6 (M 3Z). Sy 2 BE E &2 0|9} 70| = Tt ECQOIEIVt CRYS E°|Ef
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A major premise of the E—rule for a connective or quantifier is the premise
that contains the connective or quantifier in the E—rule, while all other
premises are considered minor premises. As a convention, the major premise
of an EF'—rule is written on the most left side of the rule. A marimum formula
occurrence is the conclusion of an I—rule or C R—rule at the same time the
major premise of an E—rule. A segment in a derivation D is a sequence 1,

., o of formula occurrences in © where (1) ¢; is not the conclusion of C'R,
ECQ, VE, 3E, (2) p; (for 1 < i < n) is either (i) a minor premise of VE or
JFE, and ;. is the conclusion of the same rule, or (ii) the minor premise of
- F whose major premise is an assumption discharged by C'R, and ;.1 is the
conclusion of C'R, and (3) ¢, is the conclusion of an I—rule, VE, IE. CR, or
ECQ. A mazimum segment is a segment that begins with a conclusion of an
I—rule, VE, dE, CR, or EC() and ends with a major premise of an E—rule.
It 1s readily shown that every maximum formula occurrence in a given deriva-
tion ® is the last formula in a segment of ®. The segment 4, ..., v, has a
length of n.*.

A MAGIA 2] ot?IA Hel H &
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Definition 1 A path in a derivation @ is a sequence of formula occurrences ©1, ..., pn
where:

1. ¢ is either an open assumption or an assumption discharged by — I, =1, or C'R,

2. ¢i(1 €17 < n) is not the minor premise of an application of - F or —F, and
either (i) ¢; is not the major premise of VE or dF, and ¢;41 is the conclusion
of the same rule, or (ii) ¢; is the major premise of VE or dFE, and ¢;41 is an
assumption discharged by that rule,

3. ©n is either the end-formula of ® or a minor premise of an — E or —FE.

Definition 2 An order of path 7, op(m), in a derivation ® is inductively as follows:

1. op(m) = 0 if 7 ends in the end-formula,
2. op(m) =n+1if 7 ends in the minor premise of — E or =E whose major
premise lies on a path 7" with op(7") = n.
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Theorem 9 Let ® be a closed derivation in Spc, let ™ be a path in O, and let
o1,...,0k be the sequence of segments in w. If ® is normal, then there is a o;(1 <

i < k) such that,

1. each oj(j < 1) is the major premise of an E-rule with oj1 its conclusion, or in
the case of VE and dE, an assumption discharged by the rule;

2. o is the premise of an [-rule, CR, or ECQ) with o;41 s its conclusion, or is o} ;

3. each 0;(i < j < k), o; is the premise of an I-rule with o1 its conclusion.”

SIn this context, condition 1 is identified as an E-part, while the minimum segment is repre-
sented by o; of 2, and 3 is considered an I-part. All formula occurrences in the minimum segment
are occurrence of the same formula, the minimum formula.

Corollary 12 (Subformula Property of Spe) FEvery formula ¢ in a closed normal
derwation © is a subformula of the top-formula, of the end-formula, or if p is of the
form —), then 1 is a subformula of the top-formula or of the end-formula.
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ot¢lAl(subformula)2 CH31t 20| HEXO = Ho|EICE

(1) o= @2 ste{Al0ILt,

(2) ~@7} 2| 5F2IAO0IH ot L= @2 5tA]0|L,

(3) w > a7t @2 StIA0IH wot 6= @2 5FI2]0|Ct, Of7|M - =

(4) w7t @2 5tIA0IH wlx/tIT @2 5t912A]0ICE. 071N -= V
82T 92 5}9|40] OFL|LCY.

A, V E= —0]O,
= 3, (5) 1 0]2l0f CHE OfH

rr
L

Corollary 12 (Subformula Property of Spr) FEvery formula ¢ in a closed normal
derwation © is a subformula of the top-formula, of the end-formula, or if p is of the
form —), then 1 is a subformula of the top-formula or of the end-formula.
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ig=tES 2930l =Lt AiLfolH

M A2 T o5 O3S0 2= 24 HA#22 AE0| d3=tEs 2%0
2ES Soll 0let 22| }0|c 2ES HIZ = =+ 917| M=0ICt. =2 Ol2fet 2#HS &S
of MZ22 SHA0] 2dsh = UL}, =t Fols 2= SUA0| =S0M HAZ = AS

= HYU2 =M =c|AA A0 et HI=tE 2 *zfo}._ Zo|ct. (Prawitz [11, p. 259]).

The inversion principle states that each particular elimination following an introduction is justified since
by a reduction, the conclusion can also be obtained directly without this detour; but of course, new

Cl1 D2td|=
(Dag Prawitz) maximum formulas may arise by this reduction. The normalization theorem strengthens this by showing

that all maximum formulas can be removed from a derivation and thus justifies the logical system as a
whole. (Prawitz [11, p. 259]. Italics in original.)
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. Dctd|=2| CROf| 2ot 2t Ext= StAS 20| MAHE 4= |iL.

27t Sy UM CR- 1'1""—!2I AES A 2H2E HYolH, Sy, M2 EE =E0] =14
0] = HOR MEE 4 S Q2= HA HY 4 Uk,
We can restrict applications of the [CR]-rule in [Sy,c] to the case where the consequence is
atomic, and we then easily prove that every [derivation] in [Sy,c] can be transformed into a
corresponding [derivation] containing no maximum formula.

Natural Deduction: a Proof-Theoretic Study, p. 39
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Let us consider the rules for the liar sentence ® proposed by Tennant
(17, 18], alongside rules for a truth-predicate T'(x) stating that x is true.®

[T~ ~T("3)*
b 9, o,
4 l_(ﬂ—l ¥
¢ _nr IO oo L s, P ¢ om,
L BUE
(Neil Tennant) [ (I)]l
7o Ol B, CR-7%|2] 20| 00| 2ixt £3017| mE Cf 0fY
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Let us consider the rules for the liar sentence ® proposed by Tennant
(17, 18], alongside rules for a truth-predicate T'(x) stating that x is true.®
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